Topological properties of multilayer magnon insulators by Hofer, Stephen et al.
Topological properties of multilayer magnon insulators
Stephen Hofer,1 Trinanjan Datta,2, ∗ Sumanta Tewari,3 and Dipanjan Mazumdar1, †
1Physics Department, 1245 Lincoln Drive, Southern Illinois University, Carbondale, IL 62901
2Department of Chemistry and Physics, Augusta University, 1120 15th Street, Augusta, Georgia 30912, USA
3Department of Physics and Astronomy, Clemson University, Clemson, South Carolina 29634, USA
(Dated: August 14, 2020)
Two-dimensional magnetic insulators can be promising hosts for topological magnons. In this study, we show
that ABC-stacked honeycomb lattice multilayers with alternating Dzyaloshinskii-Moriya interaction (DMI) re-
veal a rich topological magnon phase diagram. Based on our bandstructure and Berry curvature calculations,
we demonstrate jumps in the thermal Hall behavior that corroborate with topological phase transitions triggered
by adjusting the DMI and interlayer coupling. We connect the phase diagram of generic multilayers to a bilayer
and a trilayer system. We find an even-odd effect amongst the multilayers where the even layers show no jump
in thermal Hall conductivity, but the odd layers do. We also observe the presence of topological proximity effect
in our trilayer. Our results offer new schemes to manipulate Chern numbers and their measurable effects in
topological magnonic systems.
I. INTRODUCTION
The discovery of two-dimensional magnetic crystals in the
past few years [1–6] has raised the prospect of realizing topo-
logically protected magnons (spin-wave excitations) [7, 8].
Since topological materials exhibit robustness against disor-
der [9–11], the existence of topologically protected magnonic
edge states can potentially lead to the realization of dissipa-
tionless spintronic devices [12–21] and applications in quan-
tum information science [22]. Recently, it has been theo-
retically predicted [20, 23, 24] and experimentally demon-
strated [21, 25] that it is possible to harbor topological magnon
edge states in realistic geometrically frustrated magnets. At
present various materials have the potential to host topological
magnonic states [20, 21, 24, 26–28], including the honeycomb
magnetic halide CrI3 [26], spin-1/2 Heisenberg antiferromag-
nets Na3Cu2SbO6 [27] and β-Cu2V2O7 [28]. In addition to
the honeycomb lattices, topological magnon excitations have
been proposed to exist in the kagome´ magnet system Cu (1-3,
bdc) [29].
A topological magnon insulator (TMI) is the bosonic ana-
log of the quantum spin Hall state [30–32]. This phase
is fundamentally different from topological magnetic insu-
lators wherein topological electronic insulators are doped
with magnetic 3d atoms [33]. The topological origins of
the bosonic TMI phase can be traced to spin-orbit cou-
pling interaction which intrinsically manifests itself in the
form of Dzyaloshinskii-Moriya Interaction (DMI) in the ma-
terial. In this context, lattice geometry [34] plays a funda-
mental and vital role in hosting topological magnon excita-
tions [35]. The experimental realization of monolayer, bi-
layer, and few-layer CrI3 with tunable magnetic properties
[1, 36–39] provides materials science motivation to pursue a
study of few-layer coupled bosonic topological magnon sys-
tem. It has been shown that protected magnon states in the
AB-stacked bilayer honeycomb propagate in the same (op-
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posite) direction for ferromagnetically (antiferromagnetically)
coupled layers [40]. Furthermore, Andreas et. al. [12] demon-
strated through numerical calculations that the edge currents
are robust again weak disorder compared to the bulk current
in normal metal/TMI/normal metal heterostructure.
We investigate the thermal transport properties of ferromag-
netically coupled TMI multilayers with different DMI strength
in adjacent layers, as shown in Fig. 1. Such topologically dis-
tinct layers lead to the possibility of observing several TMI
phases. The presence of DMI interaction in a magnetic system
without inversion center will create band gaps in the magnon
dispersion relation [20] and impart non-trivial topological na-
ture to the system. The topological texture of these bands give
rise to a non-vanishing Berry curvature. The physical conse-
quence is a nonzero topological invariant (Chern number and
winding number) that directly influences thermal Hall con-
ductivity [20, 41]. The emergence of TMI phases are char-
acterized by jumps in the thermal Hall conductance that are
analogous to the electrical Hall conductance jumps in Quan-
tum Hall systems.
Using spin wave theory we compute the topological band
structure and its edge states, Chern number, and transverse
thermal hall conductance κxy behavior. We show that the mul-
tilayer supports a rich phase diagram which can be explored
by tuning the strength of the intermediate layer’s DMI (D2 in
Fig. 1) relative to the top and the bottom layers or by adjust-
ing the interlayer interaction strength Jz. We investigate and
discuss the variation in thermal Hall conductance with chang-
ing interlayer DMI strength ratio D2/D1 and for different in-
terlayer coupling relative to the DMI interaction Jz/D1. Fur-
thermore, we show that the physics of few-layered topological
multilayer has its own characteristic transport properties. The
presence of an uncompensated topological layer in odd lay-
ered configuration leads to non-trivial behavior in the thermal
Hall conductance behavior. As a result, we show that there is
an odd-even layering effect which manifests itself as a jump
or not in the transverse thermal Hall conductance behavior.
Additionally, the trilayer exhibits a topological proximity ef-
fect which can be induced by external pressure. Overall, we
put forward the design and characterization of a finite num-
ber of layered topological magnon insulator systems (odd or
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2even) with several interesting effects directly related the the
topology of the system.
This article is organized as follows. In Sec. II we present
the model and the method. In Sec. III we perform the topolog-
ical characterization of our multilayer. In Sec. IV we present
our thermal Hall response results of the multilayer system. Fi-
nally, in Sec. V we present our conclusions.
II. MODEL AND METHOD
We analyze an ABC-stacked multilayer honeycomb lattice
which is consistent with the low temperature (rhombohedral)
experimental structure of CrI3 [6, 42]. To connect with con-
ventional experimental sandwich structures, the DMI strength
alternates between two values (for example, D1 = D3 and D2
in Fig. 1).The individual layers are chosen to be ferromagnet-
ically aligned which is consistent with bulk and odd layered
CrI3 [1, 37]. While experimental evidence suggests that even
layered CrI3 shows a net antiferromagnetic configuration in
the ground state [37], it has also been demonstrated that tran-
sition to the ferromagnetic state can be induced using exter-
nal pressure [38, 39]. Later, we will show that the trilayer
forms the basic building block for all odd layered configura-
tions (five, seven, etc) while the bilayer is the basic building
block of all even layered structures (four, six, etc).
The basic interactions of a generic two dimensional FM
topological insulator can be modeled by the Heisenberg ex-
change term HFM and the DMI term HDMI . To model our few
layer system we add an interlayer interaction Hint to stack the
monolayers, as seen in Fig. 1a. The generic multilayer Hamil-
tonian can be written as
H = HFM + HDMI + Hint, (1)
where the individual terms are given by the following expres-
sions
HFM = −
∑
<α,β>
L∑
τ=1
JτSτ,α · Sτ,β, (2a)
HDMI =
∑
<<α,β>>
L∑
τ=1
Dτzˆ ·
(
Sτ,α × Sτ,β
)
, (2b)
Hint = −
∑
α,β
L−1∑
τ=1
Jτ,τ+1α,β Sτ+1,α · Sτ,β. (2c)
In the above equations τ indexes the layer, α and β index the
sublattice degrees of freedom, Jτ is the intralayer ferromag-
netic exchange, Sτ,α is the site-specific spin moment , Dτ is
the next-nearest neighbor DMI, and Jτ,τ+1α,β is the ferromag-
netic interlayer exchange. In our ABC-stacked trilayer hon-
eycomb lattice {α, β} ∈ {A, B}, τ ∈ {1, 2, 3}, Jτ = Jτ′ ≡ J,
D1 = D3 , D2, and Jτ,τ+1B,A = Jz with all other J
τ,τ+1
α,β = 0. The
interlayer interaction depends on the stacking arrangement.
Our choice of magnetic interaction (exchange and DMI) pa-
rameters are guided either by CrI3 [26] system or is based on
the choice of physically reasonable model parameters.
Next, we apply linear spin wave theory transformation to
Eqs. (2). Subsequently, we Fourier transform the Hamilto-
nian as outlined in the Methods and Supplementary Materi-
als. Thus, the momentum space Hamiltonian can be writ-
ten as H =
∑
k Ψ
†
kH(k)Ψk, with the basis vector Ψ†k =(
b†A,1,k, b
†
B,1,k, · · · , b†A,L,k, b†B,L,k
)
. Specifically, for our trilayer
configuration the Hamiltonian takes the form
H(k) =
A1(k) B(k) 0B†(k) A2(k) B(k)
0 B†(k) A3(k)
 , (3)
where Ai(k) and B(k) are 2 × 2 matrices that describe the
intralayer and interlayer interactions, respectively. Note, for a
L-layered system the Hamiltonian matrix would be 2L×2L in
dimension. The intralayer interactionAi(k) is given by
Aτ(k) =
(
ΘτA + DτSm(k) −JS f (k)−JS f ∗(k) ΘτB − DτSm(k)
)
, (4)
where Θτα = 3JS + θ
τ
αJzS , implying θ
1
A = θ
3
B = 0 and θ
1
B =
θ2A = 1 = θ
2
B = 1 = θ
3
A = 1. The explicit interlayer coupling
expression is given by
B(k) =
(−JAAS f ∗(k) −JABS f (k)
−JBAS −JBBS f ∗(k)
)
=
(
0 0
−JzS 0
)
, (5)
where f (k)=
∑
i e−ik·
~δi is the nearest neighbor structure fac-
tor. The lattice position vectors ~δi are given by ~δi ∈
{(0,−1), (√3/2, 1/2), (−√3/2, 1/2)}. The anti-symmetric
next-nearest neighbor structure factor corresponding to the
DMI term is given by m(k)=
∑
i
2 sin(k · ρi) where ~ρi ∈
{(√3, 0), (−√3/2, 3/2), (−√3/2,−3/2)}.
The trilayer bulk and edge configuration bandstructure is
shown in Figs. 1b and 1c. The TMI bandstructure with edge
states has differences from its electronic counterpart. Edge
state calculation details can be found in section 2 of the Sup-
plementary Material. Inspecting Figs. 1b and 1c we observe
some interesting differences between our bosonic TMI and an
electronic or magnetic-TI. While the gap and edge states are
approximately around zero energy for the former systems, in
the bosonic case the gap is located at a higher energy. Fur-
thermore, from the nature of the edge states we get a hint
that the two panels belong to different topological phases. In
fact, under appropriate external tuning the trilayer can un-
dergo a topological phase transition (TPT) from panel (b) to
(c). To track these TPTs we employed a methodical approach
of searching for band gap closings. We computed gap closings
specifically at the high symmetry ±K = (±4pi/3√3, 0) in the
Brillouin zone. At this momentum point, the nearest-neighbor
structure factor f (k) becomes zero. This eliminates the con-
tribution of our strongest interaction J. Thus, the energy scale
of the problem is governed by D1, leaving D2 and Jz as the
tuning parameters by which we can explore the various topo-
logical phases of our system.
We define a multilayer tuning ratio δ = D2/D1. This will
serve as a control knob to study TPTs. As we show later the
3-K +K
0.00
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( )
FIG. 1. Trilayer configuration, bandstructure, and edge states. a Lattice crystal structure with ferromagnetic spin ordering. Spin sites A(B)
are denoted with red(blue) spheres. J denotes intralayer nearest-neighbor ferromagnetic Heisenberg exchange interaction. Dτ denotes the
layer specific next-nearest neighbor DMI, where τ ∈ (1, 2, 3) indexes the layer. Although we show distinct DMI interactions for each layer, for
our calculations we will take D1 = D3 (reason explained in main text). Jz denotes the interlayer Heisenberg exchange interaction. b–c Bulk
bands (solid dashed lines) with edge states (thin blue lines) for the trilayer plotted along ky = 0. The parameters are J = 2Jz = 4D1 = 4D3,
D2/D1 = −0.426, and D2/D1 = 0.34.
δ = 1 configuration is of particular interest because of its fea-
sibility to be naturally realized in an experimental setup.The
Chern numbers are rearranged at a TPT. Since, the interband
edge states are a consequence of these Chern numbers, a
change in them implies that the number of edge states will
alter across a transition. This is clearly visible in Figs. 1b
and 1c. For example, the number of interband edge states in
Fig. 1b is one, while in Fig. 1c the number is three. The main
physical property that emerges from the TMI phase is the exis-
tence of these chiral magnonic edge states which contribute to
the non-vanishing thermal Hall conductivity [40, 41, 43–46].
In the next section, we will study the nature of these TPTs in
more detail.
III. TOPOLOGICAL CHARACTERIZATION
The trilayer topological phase diagram is shown in Fig. 2. For
convenience, the phases are color coded so that we can com-
pare the two panels (a) and (b). The result depends on two
interaction ratios, one is δ and the other Jz/D1. The feasibility
of tuning Jz using pressure has already been experimentally
demonstrated in a hexagonal lattice system [38, 39]. Based on
our studies, we show that there can be further motivation to
tune the DMI interactions, too. For suitable parameter ranges
we observe a quantum Hall behavior in our proposed bosonic
system. To track the TPTs we compute the energy eigenvalues
at the ±K high symmetry points. The analytical expression for
the energy eigenvalues calculated at +K (similar analysis done
at −K simply results in a relabeling of the solutions) yields
E(3)η =

3J
2 + (−1)η+1 3
√
3
2 D1 η = 1, 2
3J
2 +
Jz
2 + (−1)η+1∆ + 3
√
3
4 D1(1 − δ) η = 3, 4
3J
2 +
Jz
2 + (−1)η+1∆ − 3
√
3
4 D1(1 − δ) η = 5, 6
(6)
where E(3)η are the trilayer eigenvalues and we have defined
2∆ =
√
J2z + 27D21 (1 + δ)
2. Just for comparison purposes, we
list the energy solutions for the bilayer problem in Appendix
A, see Table II. Next, the TPTs are obtained from the real
solutions of Ei = E j with i , j using the above expressions.
The topological phase boundaries can be defined as
δn =

6
√
3+3 JzD1
6
√
3+ JzD1
, n = 5 where δ1 ∈ (1, 3)
1, n = 4
6
√
3−3 JzD1
6
√
3− JzD1
, n = 3 where δ3 < (1, 3)
−J2z
27D21
, n = 2 where δ4 ∈ (−∞, 0)
−1. n = 1
(7)
The number n signifies the boundaries of the different phases.
In the limit of zero interlayer interaction we can set Jz = 0. In
this case there are three phase boundaries separated by δn =
−1, 0, and 1.
In Fig. 2 we plot the six different phases based on the above
solutions. The phase diagram has two regions, one positive
and one negative. When δ is positive the DM interactions are
aligned in the same direction. In this regime of the tuning pa-
rameters we find four phases (marked as 3 —6 in the phase
40.0 0.5 1.0 1.5 2.0 2.5
- 2.0
- 1.0
0.0
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2.0
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FIG. 2. Topological phase diagram of a trilayer. a Each phase is separated by gap closings corresponding to the δn represented by the solid
black lines. In this parameter range there are six distinct phases shown. Dashed lines represent directions in which the thermal Hall effect is
analyzed. b Energy eigenvalues of the system at ±K as a function of D2/D1. The ratio Jz/D1 = 2, corresponds to the vertical dashed line in
panel (a). The Chern number for each band associated with the eigenvalue is indicated in the legend.
diagram). Whereas, when δ is negative, there are two phases
only (marked as 1 – 2 in the phase diagram). Furthermore,
around the δ = 0 line (FM middle layer) an interesting be-
haviour happens. This phase boundary between 2 and 3 varies
as J2z /D
2
1. Hence, When Jz < D1 (weak) the middle layer
retains its non-topological behavior because the phase bound-
ary mildly deviate from the δ = 0 line. However, for Jz > D1
(strong) the D2 deviates from zero to acquire a non-zero value.
Thus, the FM layer starts to obtain a topological nature. We
interpret this to be a signature of topological proximity effect
displayed by the multilayer which can be experimentally re-
alized by applying pressure [38, 39]. For positive δ and for
high Jz > D1 we find that there are multiple phases into which
the trilayer can transition into. These phases can be classified
based on Chern numbers as we describe next, which are calcu-
lated from the Berry curvature in the following ways. For the
Berry curvature calculation, we employ the following equa-
tion
Ω
xy
n (k) = −2
∑
m,n
Imm
 〈n|
∂H(k)
∂kx
|m〉 〈m| ∂H(k)
∂ky
|n〉[
En(k) − Em(k)]2
 , (8)
obtained from standard perturbation theory approach [10].
The Berry curvature calculation will be used later to compute
the thermal Hall conductance. The Chern number is then cal-
culated as
Cn =
1
2pi
∫
BZ
Ω
xy
n (k)dkxdky. (9)
In Fig. 2b we show the variation of the energy eigenvalues
for δ at Jz/D1 = 2 (shown as a dashed vertical line). This ratio
choice is motivated by CrI3 experimental parameters reported
in Ref. [26], where Jz/D1 ≈ 2. We notice that the energy
eigenvalues interchange indicating the presence of potential
TPTs verified by the reordering of Chern numbers. The val-
ues for the Chern numbers given in Table I can be generated
by ordering the Chern numbers of each eigenvalue from the
lowest to highest energy within each shaded phase. In our
multilayer system there are contributions from several under-
lying bulk bands which can support topologically protected
edge states. The Chern numbers determine the character of
these edge states based on the winding number, defined as the
partial sum νi =
∑i
1 Ci. The winding number determines the
number and chirality of the edge states which lie between the
ith and i + 1th bulk band. These states (as mentioned earlier)
lie above the zero of energy.
If we adopt a fermionic classification scheme for the tri-
layer, then based on the winding number calculation, ν3 =
C1 + C2 + C3 we should have only two phases. The first two
phases will have a winding number in the large gap between
the lower and upper grouping of bands of ν3 = 1. The last four
will have ν3 = 3 as documented in Table I. The band cross-
ing just below δ = 0 also accounts for the winding number ν3
change demonstrated by the number of topological edge states
seen in the large gap between Figs. 1b and 1c. However, we
find that there are six distinct topological phases in Fig. 2a
with five transitions. So, in order to correctly identify all dis-
tinct topological bosonic phases we need to track the unique
ordering of Chern numbers on either side of the topological
phase boundary. We use this classification scheme to distin-
guish the different phases. In Fig. 7 of Appendix C we show
5the generic phase diagram for any even or odd layered struc-
ture. These phase diagram plots will serve as a guide on how
we can explore the parameter space to study the thermal Hall
behavior.
The edge states are the main source of novel phenomena in
our multilayered system. Thus, determining the total number
of edge states present within each phase is important to accu-
rately characterize the physical response of each TPT. We do
this by taking the sum of the winding numbers νi, which are
already partial sums of the Chern numbers. For our multilay-
ers this can be expressed as
ν¯ =
2L∑
i
νi =
2L∑
i
(2L − i)Ci, (10)
which are reported in the fourth column of Table I for the tri-
layer.
To illustrate this concept, we provide an example of the de-
termination of ν¯ for phase 1 of the trilayer. First, to determine
the total number and chirality of the edge states in this phase,
we calculate the winding numbers using the Chern numbers
from Table I, given as C1 = −1, C2 = +3, C3 = −1, C4 = −3,
C5 = +1, C6 = +1. Therefore the winding numbers are,
ν1 = C1 = −1 = −1
ν2 = C1 +C2 = ν1 + 3 = +2
ν3 = C1 +C2 +C3 = ν2 − 1 = +1
ν4 = C1 +C2 +C3 +C4 = ν3 − 3 = −2
ν5 = C1 +C2 +C3 +C4 +C5 = ν4 + 1 = −1
ν6 = 0.
(11)
These numbers represent the number and chirality of the edge
states that lie between each consecutive bulk band, with the
knowledge that for all systems the final winding number is al-
ways zero. Therefore, by summing these numbers together,
we get an idea about the net contribution of all the edge states
present in that particular topological phase. For phase 1, this
summation gives ν¯ = −1 + 2 + 1 − 2 − 1 = −1, in agreement
with the value reported in the table. This process is repeated
for each phase as the Chern numbers are rearranged. A com-
parison of each phase’s net number of edge states has been
done to understand the discontinuous behaviors which may
appear as a result of the TPT.
Phase C (Chern Numbers) ν3 ν¯ =
∑
i νi
1 [-1, +3, -1, -3, +1, +1]
1
-1
2 [+3, -1, -1, +1, -3, +1] 7
3 [+3, -1, +1, -1, -3, +1]
3
9
4 [+3, -1, +1, -3, -1, +1] 7
5 [+3, +1, -1, -3, +1, -1] 11
6 [+1, +3, -1, -3, +1, -1] 9
TABLE I. Chern numbers, the net number of edge states, and the
number of edge states in the large gap for each phase labeled as they
appear in Fig. 2b.
IV. THERMAL HALL EFFECT
Thermal Hall conductance is a useful response function to ac-
curately characterize the topological nature of 2D magnonic
materials [23, 41, 45] and it given by
κxy = − k
2
BT
(2pi)2~
∑
n
∫
BZ
c2(ρ)Ω
xy
n (k)dkxdky, (12)
with c2(ρ) = (1 + ρ)
(
log 1+ρ
ρ
)2 − (log ρ)2 − 2Li2(−ρ), where
kB is the Boltzmann constant, ~ is the Planck’s constant, T is
the temperature, ρ is the Bose-Einstein distribution, and Li2(ρ)
is the polylogarithm function. We notice that the magnitude
of the conductance is governed by both the weight function
c2(ρ), where ρ is the Bose-Einstein distribution, and the Berry
curvature as calculated in Eq. 8. While the Berry curvature is
primarily a function of the variables Jz/D1 and D2/D1, c2(ρ) is
a function of temperature T . Fig. 2a shows the parameter val-
ues of Jz/D1 and D2/D1 over which we explore the topologi-
cal properties of the multilayer. Thus, we can ask the question
at what value of the temperature should the conductance be
evaluated such that the non-trivial (if any) nature of the TPTs
may be accurately captured? Because each band in our en-
ergy spectrum has a non-vanishing Chern number, and there-
fore a non-trivial Berry curvature, for every phase considered
in our parameter space we would like to ensure that c2(ρ) cap-
tures their contribution. This can be achieved by taking T as
high as possible below the thermal disordering temperature
of the multilayer. That is, we will take the high temperature
limit as a figure of merit, with the caveat that within this ap-
proximation spin wave modes have not become completely
thermally disordered to transition to a paramagnetic region.
The high enough temperature ensures that every band has an
equal occupancy as per the Bose-Einstein distribution. In fact,
this approximation does not differ significantly from several
physically meaningful values of temperature for our energy
spectrum as shown in Appendix B Fig 6. Therefore, in or-
der to characterize the thermal Hall conductance response of
our system we will use the high temperature limit of Eq. (12)
given by [41]
κ
xy
lim =
kB
(2pi)2~
∑
n
∫
BZ
En(k)Ωxyn (k)dkxdky. (13)
In Fig. 3 we show how the conductance varies as the system
evolves through its topological phases. These TPTs can be ex-
plored by either tuning Jz/D1 or D2/D1. First, we plot phase
changes as a function of Jz/D1 in Figs. 3a – Fig. 3c. Each
TPT is associated with a jump in the conductance, reminiscent
of the Quantum Anomalous Hall effect present in electronic
systems [47]. The relative increase or decrease in magnitude
of the conductance due to these jumps can be explained by
considering the number of edge states available on either side
of the transition. Generally, more edge states yield a higher
magnitude of the conductance, while fewer edge states result
in a lower contribution to the magnitude. This is particularly
observable in Fig. 3b, where the conductance shows a sharp
6FIG. 3. Thermal Hall conductance variation with Dzyaloshinskii-Moriya interaction and interlayer coupling. a κxylim as a function of
D2/D1 for the trilayer (solid red) and bilayer (dashed red). Both graphs are divided by the number of layers to normalize their contributions.
The parameters are S = 12 and J = 2Jz = 4D1. Vertical dashed lines indicate the TPT points δn that seperate each phase. The phases 1-6 as
shown in Fig. (2 ) are ordered left to right. bκxylim as a function of Jz/D1 with D2/D1 = −0.1481, such that the transition occurs between phases
2 and 3 at Jz/D1 = 2. cD2/D1 = 0.5322 such that the transition occurs between phases 3 and 4. dD2/D1 = 1.3227 such that the transition
occurs between phases 6 and 5.
decrease in magnitude. This can be explained by the differ-
ence in ν¯ between phases three and four, as shown in Table I.
On the left side of the transition, phase 3 hosts nine different
edge states, while on the right side of the transition phase 4
hosts seven, thus a difference of two. This decrease in avail-
able edge states coincides with the decrease in magnitude of
the conductance, as fewer edge states are available to transport
thermal energy.
In Fig. 3d we plot the conductance as the system passes
through a multitude of TPTs by varying D2/D1 for the bilayer
and the trilayer. The general trend is that the magnitude of the
conductance increases as D2 increases. For both layers the
jumps can be characterized by ν¯, as done before. The relative
increase or decrease in magnitude of the conductance at each
TPT coincides directly with the relative increase or decrease
of the number of edge states within each phase. To compare
the results of the bilayer to the trilayer, we divided the conduc-
tance of each by the number of layers present in the system to
determine the per layer contribution to the conductance. The
number of jumps for the bilayer is different compared to the
trilayer. We can attribute this fact to the differences in the
topological phase diagram of the two systems. As shown in
Appendix C Fig. 7, the bilayer displays seven TPTs while the
trilayer has only five. This is a consequence of the symme-
tries imposed upon the system by the choice of the stacking
arrangement, explained below. In particular, we observe that
the bilayer shows no TPT at the isotropic δ = 1 point, but
the trilayer does. By exploring this particular value of δ for
different layering numbers L, we were able to determine the
general nature of the TPT in even and odd layered structures
with regards to the thermal conductance.
In Fig. 4 we show the conductance response at δ = 1 for
a set of few-layer systems, ranging from the bi- to the hepta-
layer. It is clear that the even numbered layers show no jump
in the conductance, while the odd numbered layers do. To
highlight the sharpness of the jump across the TPT, for the
odd layers, we chose a denser set of points near δ = 1. From
Figs. 4(b), 4(d), and 4(f) it is clear that the jump gets sharper
as L increases. Thus, within the limit of a few-odd layered
systems, this effect is real and will survive. For even layers
beyond L = 2, band gap closings do occur for the same values
of δ as the odd layers. However, these gap closings do not cor-
respond to TPTs. To explain this phenomenon, it is important
to note the asymmetry in the bands for the even layers. For
example, a pair of bands which are gapped at +K may not be
gapped at −K. For even layering beyond the bilayer, these ad-
ditional gap closings correspond to bands which are already
degenerate elsewhere in the BZ. Therefore they do not rep-
resent true gap closings which lead to TPTs, as shown in Fig.
10 of Appendix D. Odd layers beyond the trilayer do not show
additional gap closings. Thus no further TPTs are present. For
the purposes of TPT analysis, it is thus clear that all the even
layered structures can be effectively described by the bilayer
phase diagram, and all the odd layers can be described by the
trilayer phase diagram.
The even-odd effect displayed in Figs. 3d and 4 is a result of
the intrinsic spin orientation and the stacking direction which
is imposed upon the structure by the choice of the stacking ar-
rangement. For the even-layered configuration, time-reversal
(TR) operation will flip the orientation of the spin such that it
becomes anti-parallel to the stacking direction, see Appendix
E Fig. 9. Thus, two distinct configurations of the stacking can
exist for the even layered structure. These solutions are not
TR-symmetric. This gives rise to the discrepancy of the solu-
tions at the high symmetry +K and −K points highlighted in
Fig. 8. Conversely, the odd-layered solutions do not show a
stacking direction due to their sandwiched configuration. In
this case the TR operation does not alter the configuration of
the Hamiltonian. This results in TR-symmetric eigenvalue so-
lutions. This explains the greater number of phases present in
the even layered structure as compared to the odd numbered
ones. For the evens the gap closings which characterize the
TPTs may happen at either +K or −K for different parame-
ters. In contrast, the gap closings for the odds must must oc-
cur at +K and −K simultaneously, thereby restricting number
of possible TPTs.
7FIG. 4. Thermal Hall conductance near δ = 1 for L=2 to L=7 multilayers. a - f Plots (a) - (f) are labeled by their value of L as shown in
the plots. Even layered systems (top row) show no jump in the conductance, in contrast to odd layered structures (bottom row) which show a
clear jump.
V. CONCLUSION
In summary, we have studied the topological response of a
multilayer configuration of hexagonal lattices stacked on top
of each other in an ABC arrangement. Our calculation en-
compasses two different multilayer scenarios as characterized
by their DMI interactions. We can have an all TMI system or
another in which there is a combination of TMI-FM-TMI lay-
ers. For each of these setup, the observed topological phase
transitions (manifested as jumps in the thermal Hall behavior)
can be tuned by changing either the interlayer exchange in-
teraction or DMI parameters. In an all TMI configuration the
trilayer displays a jump in its thermal Hall conductance, while
the bilayer does not. This even-odd jump response holds true
beyond the bi- and trilayer. Thus, we propose a topological
asymmetry layer experiment (TALE). By performing TALE
one can decide whether an an asymmetric (even layered) or
symmetric (odd layered) has been fabricated during the layer-
ing process. Such an experiment could potentially offer device
fabrication physicists an additional means to characterize few-
layered topological multilayer systems, besides the standard
available methods [4]. We observe several topological phase
transitions which are experimentally feasible since Jz could
be tuned ex-situ through various methods [38, 39] allowing
a continuous measurement through the TPT. The possibility
to observe topological proximity effect and the presence of
jumps distinguishing odd and even layers makes few-layered
bosonic topological magnon systems an exciting playground
to verify and apply fundamental concepts.
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Appendix A: Topological Characterization
Eigenvalues for the bi- and trilayer systems are reported in
Tables II and III. Note, beyond the L = 3 system, no subspaces
with unique solutions exist. Therefore, higher L-valued eigen-
values only generate additional, degenerate energy eigenval-
ues. However, even and odd layered heterostructures can still
be distinguished from each other by the eigenvalue of the
(L + 1)th subspace, 3JS ± 3√3DLS . In Fig. 5 we report the
8+K -K
E1 3JS − 3
√
3D1S 3JS + 3
√
3D1S
E2 3JS + 3
√
3D2S 3JS − 3
√
3D2S
E3 JzS + 3JS − 3
√
3
2 D1S (1 − δ) + S∆ JzS + 3JS + 3
√
3
2 D1S (1 − δ) + S∆
E4 JzS + 3JS − 3
√
3
2 D1S (1 − δ) − S∆ JzS + 3JS + 3
√
3
2 D1S (1 − δ) − S∆
TABLE II. Eigenvalues of the L = 2 Hamiltonian evaluated at ±K.
+K -K
E1 3JS − 3
√
3D1S 3JS + 3
√
3D1S
E2 3JS + 3
√
3D1S 3JS − 3
√
3D1S
E3 JzS + 3JS − 3
√
3
2 D1S (1 − δ) + S∆ JzS + 3JS + 3
√
3
2 D1S (1 − δ) + S∆
E4 JzS + 3JS − 3
√
3
2 D1S (1 − δ) − S∆ JzS + 3JS + 3
√
3
2 D1S (1 − δ) − S∆
E5 JzS + 3JS + 3
√
3
2 D1S (1 − δ) + S∆ JzS + 3JS − 3
√
3
2 D1S (1 − δ) + S∆
E6 JzS + 3JS + 3
√
3
2 D1S (1 − δ) − S∆ JzS + 3JS − 3
√
3
2 D1S (1 − δ) − S∆
TABLE III. Eigenvalues of the L = 3 Hamiltonian evaluated at ±K.
Notice that the solutions of +K are the same as those of -K, but rela-
beled.
eigenvalues for the 2, 3, 4, and 5 layer configurations.
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FIG. 5. Eigenvalues of the L = (2, 3, 4, 5) ((a)-(d)) subspaces plotted
with J = 2JZ = 4D1 and S = 0.5. For (a) and (c), solid (dashed)
lines are eigenvalues at +(−)K. The y-axis represents energy in units
of J. The x-axis represents the ratio of the two different species of
Dzyaloshinskii-Moriya interactions D1 and D2.
Appendix B: Thermal Hall Weight Function
The transport properties of our heterostructure was charac-
terized by the thermal Hall conductance [45]
κxy = − k
2
BT
(2pi)2~
∑
n
∫
BZ
c2(ρ)Ω
xy
n (k)dkxdky, (B1)
with c2(ρ) = (1 + ρ)
(
log 1+ρ
ρ
)2 − (log ρ)2 − 2Li2(−ρ), where
kB is the Boltzmann constant, ~ is the Planck’s constant, T is
the temperature, n indexes the bands, ρ is the Bose-Einstein
distribution, and Li2(ρ) is the polylogarithm function. Due
to the fact that c2(ρ) rapidly increases to its maximum value
for our energy range (3 to 4 meV), as shown in Fig. 6, we
opt instead to use the high-temperature limit of the thermal
Hall conductance as our response function. To find the high
3 meV
4 meV
30 meV
0.0 20.0 40.0 60.0 80.0 100.0
0.00
1.00
2.00
3.00
Temperature (K)
c 2
(ρ)
FIG. 6. c2(ρ) as a function of Temperature. The maximum value
of c2(ρ) is pi2/3 ≈ 3.29 represented by the dashed black line. The
values of 3 meV and 4 meV represent the high end of the energy
spectrum for our parameter choices. The vertical lines at 45K and
61K represent the monolayer and bulk Tc respectively for CrI3 as
given in [48].
temperature limit κxylim we write the above equation as
κ
xy
lim = limT→∞ κ
xy = lim
T→∞
− k2B(2pi)2~
∑
n
∫
BZ c2(ρ)Ω
xy
n (k)dkxdky
1/T
.
(B2)
Since limT→∞ c2(ρ) = pi
2
3 and Cn =
1
2pi
∫
BZ Ω
n
xy(k)dkxdky, the
numerator becomes
lim
T→∞−
k2B
(2pi)2~
∑
n
∫
BZ
c2(ρ)Ω
xy
n (k)dkxdky
= − k
2
B
(2pi)2~
pi2
3
∑
n
2piCn = 0
(B3)
where we have used the fact that
∑
nCn = 0. Additionally,
since limT→∞(1/T ) = 0, we can apply l’Hoˆpital’s rule such
that
lim
T→∞ κ
xy = lim
T→∞
k2BT
2
(2pi)2~
∑
n
∫
BZ
∂c2(ρ)
∂T
Ω
xy
n (k)dkxdky. (B4)
9To determine the partial derivative ∂c2(ρ)
∂T , remember that
c2(ρ) = (1 + ρ)(log
1+ρ
ρ
)2 − (log ρ)2 − 2Li2(−ρ). If we define
β = e
E(k)
kBT ; ρ = 1/(β − 1), (B5)
the derivative of the first term with respect to temperature be-
comes
∂
∂T
(1 + ρ)
(
log
1 + ρ
ρ
)2
=
E(k)β
kBT 2
[
ρ2(log β)2
− 2(1 + ρ)(log β)β−1]. (B6)
The second term gives us
∂(−(log ρ)2)
∂T
= −E(k)β
kBT 2
(2ρ(log ρ)). (B7)
To determine the partial derivative of the third term we use the
definition Li2(z) =
∑∞
k=1
zk
k2 to obtain
∂
∂T
( − 2Li2(−ρ)) = E(k)βkBT 2 [2ρ(log(1 + ρ))]. (B8)
Combining all the terms yields
∂c2(ρ)
∂T
=
E(k)β
kBT 2
[
ρ2(log β)2 − 2(1 + ρ)(log β)β−1
− 2ρ(log ρ) + 2ρ(log(1 + ρ))]
=
E(k)β
kBT 2
[
ρ2(log β)2 − 2(1 + ρ)(log β)β−1 + 2ρ(log β)].
(B9)
Next, using the following limit expressions
lim
T→∞ β = 1; limT→∞ ρ = ∞;
lim
T→∞ log β = 0; limT→∞ ρ(log β) = 1.
(B10)
we have
lim
T→∞T
2 ∂c2(ρ)
∂T
= lim
T→∞
{
T 2
E(k)β
kBT 2
[
ρ2(log β)2
− 2(1 + ρ)(log β)β−1 + 2ρ(log β)]}
=
E(k)
kB
.
(B11)
Thus we have the final expression as
κ
xy
lim =
kB
(2pi)2~
∑
n
∫
BZ
En(k)Ωxyn (k)dkxdky. (B12)
Appendix C: Even and odd Phase diagram
Phase diagram for the even and odd layered heterostructure
is reported below. We note that band crossings are a neces-
sary, but not a sufficient condition for topological phase tran-
sitions (TPTs). Thus, to verify the existence of TPTs stated in
the main text (and below) we explicitly computed the Chern
numbers for each band in the gapped state for the required
parameter set. If the Chern numbers rearranged themselves
or changed values when the system became gapless under a
parameter change, then we identified this band crossing as a
TPT. While for the bi- and the trilayer each band crossing does
in fact amount to a TPT, higher layer numbers do not always
show this behavior. Therefore, carefully verifying that each
crossing corresponds to a TPT is important.
0.0 0.5 1.0 1.5 2.0 2.5
- 2.0
- 1.0
0.0
1.0
2.0
Jz/D1
D
2/D
1
Even
0.0 0.5 1.0 1.5 2.0 2.5
- 2.0
- 1.0
0.0
1.0
2.0
Jz/D1
D
2/D
1
Odd
FIG. 7. Phase diagram of the even and odd layered heterostructures.
Solid (dashed) lines in the even layered phase diagram correspond to
topological phase transitions associated with gap closings at +(-)K
in the Brillouin zone.
Appendix D: Even and odd stacking directions
The even and odd heterostructures behave differently in re-
gards to their bandstructure and phase diagrams. This can be
explained by the symmetries imposed upon them by the cho-
sen stacking arrangements. The even layered heterostructures
are not symmetric under time-reversal, while the odd ones are.
The cartoon picture of bi- and tri-layer arrangement shown in
Fig. 9 demonstrates this principle. These form the foundation
of the even and odd layered heterostructures examined in our
work.
- K +KΓ
0.00
1.00
2.00
3.00
E
/J
(a)
- K +KΓ
E/
J
(b)
FIG. 8. Eigenvalues of the L = 2 (a) and L = 3 (b) structure along
ky = 0 for the value δ = 0.25. The y-axis represents energy in units
of J.
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FIG. 9. Bilayer (a) and its time-reversed (TR) partner (b), along
with the Trilayer (c) and its TR partner (d). Each layer is labeled
and colored by its Dzyaloshinskii-Moriya interaction term. The ar-
rows within each layer denote the orientation of the spins. The time-
reversal operation T flips the direction of the spin to produce a TR
heterostructure. The stacking direction is denoted by the large verti-
cal black arrow to the left or right of the heterostructure.
Appendix E: Band structures and crossings
FIG. 10. Eigenvalues of the L = 4 (a)-(c) and the L = 5 (d)-(f)
structure along ky = 0 for values of δ around one (isotropic point).
The y-axis represents energy in units of J.
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